Abstract: A matchstick graph is a graph drawn with straight edges in the plane such that the edges have unit length, and non-adjacent edges do not intersect. We call a matchstick graph (m, n)-regular if every vertex has only degree m or n. In this article the authors present the latest known (4, n)-regular matchstick graphs for 4 ≤ n ≤ 11 with a minimum number of vertices.
Introduction
A matchstick graph is a graph drawn with straight edges in the plane such that the edges have unit length, and non-adjacent edges do not intersect. We call a matchstick graph (m, n)-regular if every vertex has only degree m or n.
For m ≤ n minimal (4, n)-regular matchstick graphs with a minimum number of vertices only exist for 4 ≤ n ≤ 11. The smallest known (4, n)-regular matchstick graph for n = 4, also named 4-regular, is the so called Harborth graph (Fig. 2) consisting of 52 vertices and 104 edges. Since 1986 the second smallest known 4-regular matchstick graph consists of 60 vertices and 120 edges (Fig. 5 ). On July 3, 2016 the authors presented a new second smallest known example with 54 vertices and 108 edges (Fig. 3) , which is based on the Harborth graph [10] . On April 15, 2016 Mike Winkler presented an example with 57 vertices and 114 edges with a whole new geometry (Fig. 4) [11] [12] . For each n > 11 only infinite graphs with an infinite number of vertices exists. Figures 21 -23 show infinite graphs for n = 12 and n = 13.
It is an open problem how many different (4, n)-regular matchstick graphs with a minimum number of vertices for 4 ≤ n ≤ 11 exist and which is the least minimal number. "Our knowledge on matchstick graphs is still very limited. It seems to be hard to obtain rigid mathematical results about them. Matchstick problems constructing the minimal example can be quite challenging. But the really hard task is to rigidly prove that no smaller example can exist." [4] In this article the authors present the (4, n)-regular matchstick graphs for 5 ≤ n ≤ 11 with the smallest currently known number of vertices as well as further new minimal examples for n = 4, n = 5 and n = 6 with 108, 114, 121 and 126 edges. The earlier versions of these graphs were presented on the Math Magic 1 website of Erich Friedman [1] , which can be seen on an older version of this site [7] from 2015.
The authors discovered the new minimal (4, n)-regular matchstick graphs in the days from March 14 -September 24, 2016 and presented them for the first time in the German mathematics internet forum Matroids Matheplanet 2 . The rigidity of the graphs has been verified by Stefan Vogel. Details can be found in the thread of the graph theory forum [5] . The method which was used for the calculations he describes in a separate German article [9] . The rigidity of the graphs is also a proof for their geometry and their existenz.
Rigid subgraphs
The geometry of the new graphs, except for n = 11, is not complicated. Most of these graphs have a high degree of symmetry. There are two types of most used rigid subgraphs, which we call the kite (Fig. 1 a) and the triplet kite (Fig. 1 d) . The kite is a (4, 2)-regular matchstick graph consisting of 12 vertices and 21 edges and has a vertical symmetry. Two kites can be connected to each other in two useful ways. We call these subgraphs the double kite (Fig. 1 b) and the reverse double kite (Fig. 1 c) , both consisting of 22 vertices and 42 edges. The reverse double kite offers the possibility to connect two of the inner vertices with an additional unit length edge. This property has been used for n = 5 (Fig. 18) . What makes the subgraphs (b) and (c) so useful is the fact that they have only two vertices of degree 2. Two of these subgraphs can be used to connect two vertices of degree 2 at different distances by using them like clasps. This property has been used for n = 9, n = 10 and n = 11 ( Fig. 11 -13 ). The triplet kite is a (4, 3, 2)-regular matchstick graph consisting of 22 vertices and 41 edges and has a vertical symmetry. Three triplet kites can be connected together in a way so that the three vertices of the outer triangles become the same. The so formed 4-regular matchstick graph (Fig. 4) offers the possibility to connect each two of the three inner vertices with an additional unit length edge. This property has been used for n = 5 ( Fig. 7 ) and n = 6 (Fig. 8) . The graphs for n = 9 ( Fig. 11 ) and n = 11 ( Fig. 13 ) use additional subgraphs and are the only graphs which contain outer edges, which are not part of an equilateral triangle. The graph for n = 11, by far the largest graph in this article, has a more complicated geometry, which had to be calculated with a CAS by Stefan Vogel. The graphs for n = 7 (Fig. 9) are the only flexible graphs and do not consist of the kite-based subgraphs. The geometry of the graphs for n = 5 and n = 6 with 121 edges (Fig. 15 -17) are based on the subgraph (d). These graphs are the previous versions of the smallest known follow-up graphs in Figure 7 and 8. The graph in Figure 4 is also the basis for the smallest known (4, n)-regular matchstick graphs for n = 5 and n = 6. The transformation in the graph v2 has been chosen so, that the line segment between the vertices a and b measures exactly two unit lengths. This kind of transforming is exactly the one we need to build the triplet kite with (Fig. 6) . This shows the close geometric relationship between the graphs in Figure 4 and Figure 5 . 6 References
